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The simultaneous flow of gas and liquid in pipes is fre- 
quently encountered in industry. Consequently, consider- 
able effort has been expended in developing reliable tech- 
niques for calculating holdup and pressure drop for gas- 
liquid flow. Most of the recent work has concentrated on 
either vertical or horizontal flow. However, in some in- 
dustrial environments, notably oil- and gas-gathering sys- 
tems, flow is neither vertical nor horizontal. 

In this paper we present some results from a recent 
study of gas-liquid flow in pipelines inclined f 10 deg. 
from the horizontal. We shall concentrate our attention on 
the slug-flow regime because we found this regime to pre- 
dominate in uphill and horizontal flows for conditions 
typicaliy encountered in pipeline applications. Stratified 
flow tends to dominate in the downhill situation but even 
for this pipeline orientation, slug flow can exist if the flow 
rate is sufficiently large. 

At the outset of this study it was decided that a funda- 
mental approach would probably have the greatest poten- 
tial for skcess. Therefore an extensive review was made 
of the two-phase literature in order to determine (1) the 
flow regimes encountered in two-phase flow and (2) the 
types of models proposed for these regimes. On'the basis 
of this information it was possible to develop the model 
for slug flow in inclined pipelines described in the next 
section. This model provided a guide for selecting the 
operating conditions in an 80-ft. test section. By judi- 
ciously combining our experimental and theoretical infor- 
mation, we developed correlations which were successfully 
validated against field data. We believe that this test of 
our correlations demonstrates the viability of a fundamen- 
tal approach to an otherwise complex problem. 

A MODEL FOR SLUG FLOW IN INCLINED PIPELINES 

In this section we shall describe a model for slug flow 
which accounts for the pipeline inclination and the gravity 
forces acting on the liquid slug. The model clearly illus- 
trates the relationship between horizontal and inclined 
slug flows. Furthermore, it will be recognized that this 
model is a synthesis of many earlier studies of horizontal 
and vertical slug flows. 

Our discussion begins with a general description of slug 
flow and the definition of certain key velocities. We then 
develop an equation for calculating the pressure gradient 
across a slug unit. Finally, we develop expressions for cal- 
culating the important variables in our pressure 
equation. These variables include the in situ hol up, the 
holdup in the gas bubble, and a slug-flow friction factor. 

Slug flow consists of alternating liquid slugs and gas 
bubbles. A typical slug unit in an inclined line is shown 
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in Figure 1. In this diagram I ,  is the length of the liquid 
slug in the slug unit having len th I t .  The translational 
velocity of the slug nose is LIT an dg by continuity this must 
be the same as the velocity of the gas bubble. The liquid 
in the slug moves at the particle velocity U P .  This velocity 
may be expressed in terms of the inlet flow rates by writ- 
ing, as did Griffith and Wallis ( 2 ) ,  a volumetric flow bal- 
ance around a control volume which encloses the liquid 
slug and the pipeline inlet. This balance gives 

u p  ZZ UL' + UG* = UNS (1) 
where we have introduced the superficial velocity of the 
gas and liquid, uG' and UL', respectively and U N S ,  the 
no-slip velocity. Note that the no-slip velocity is equivalent 
to the mixture velocity. This derivation shows that the 
average liquid velocity in the slug [called the particle 
velocity by Hubbard ( 3 ) ]  i s  equal to the no-slip or mix- 
ture velocity. 

In order to calculate the pressure drop along a slug unit, 
we must write a momentum or force balance for the slug 
unit. To facilitate the writing of this expression, it is useful 
to consider the slug at rest. This may be accomplished by 
imposing a negative velocity UT on the system. Figure 2 

Liquid Slug 

Gas Bubble d 
UT 

Control volume 

Liquid F i lm ' 
Trail ing Slug 

Fig. 1. Slug flow in an inclined pipeline. 

Mixin Zone 9 

Liquid I={! 

Fig. 2. Diagram for a stationary slug unit. 
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depicts this situation. In this figure we have idealized the 
flow by assuming a flat slug nose. Also, note that 7 is the 
liquid holdup at any cross section in the slug unit. 

A mass balance on the liquid entering and leaving the 
slug unit gives 

7 l ( U F 4  - UT) = Tl(Lk1  - LIT) ( 2 )  
where u p  is the liquid velocity in the film at  the point 
indicated. Because the preceding and succeeding slug units 
are assumed to be identical in this model, it must be true 
that 7 4  = 71. Consequently, u F 4  = i i F 1  = U F .  A momentum 
balance per unit area along the slug unit gives 

Momentum 
flowing in 

Momentuni 
flowing out 

Pressure drop Pressure drop in Pressure drop Pressure 
in mixing zone slug core due to in gas bubble forces 

friction and 
gravity 

Since the liquid film velocities at  1 and 4 are identical, the 
momentum terms cancel. Therefore 

APSiug = P4 - PI = AP12 + A p 2 3  4- A P 3 4  

= APinix 4- APliq + APgas (4)  
Equation (4)  expresses the pressure drop across a slug 
unit as the sum of three terms: (1) a pressure drop ir, the 
mixing zone, ( 2 )  a pressure drop in the slug core which 
is essentially all liquid, and (3) a pressure drop in the gas 
bubble. For our purposes we shall assume that the pres- 
sure drop in the mixing zone is zero. Although this as-  
sumption is not strictly correct, it appears to be useful at 
this time, since very little information exists for actually 
computing this contribution. Also we shall set APcas = 0, 
because it has been experimentally demonstrated that the 
pressure drop across the gas bubble is negligible. There- 
fore the pressure drop across the slug unit is just the pres- 
sure drop across the liquid slug. 

The pressure drop in the slug core Pli, arises primarily 
from the wall shear forces and gravitational forces acting 
on the liquid. If we use the Fanning equation to calculate 
the frictional pressure drop, we have 

Dividing by Zt and letting 1Jlt  = .LY be the fraction of the 
pipeline occupied by liquid slugs, we obtain the pressure 
gradient for slug flow: 

Equation (6) is an important and fundamental equation 
because it illustrates how the gravitational and frictional 
forces should be combined for slug flow in arriving at an 
overall pressure gradient. The Fanning friction factor ( f L )  

is not necessarily the same as that applicable to flow in a 
pipeline, because in slug flow the velocity profile of the 
liquid in the slug core is not likely to be symmetrical as it 
is in pipeline flow. Because the velocity profile in the slug 
is difficult to predict, it was necessary to develop a new 
friction factor correlation from experimental measure- 
ments. 

In order to use Equation (6)  it is necessary to know a, 
the ratio of slug length to the slug unit length ( ls/Zt). This 
ratio may be evaluated if we know 7, the in situ holdup 
and vF, the average liquid holdup in the gas bubble. By 
equating the total liquid in a slug unit to the liquid in the 
slug and in the film, we obtain 

1, AP + ( l t  - ~ ) ~ F A I J  1 I t  AP 7 
-/ L-y------J +r--- 
Liquid in the slug Liquid in the film Liquid in the 

slug unit 
( 7 )  

where we have assumed tliat the holdup in the slug is 
equal to 1. Division of Equation ( 7 )  by I t  and rearrangc- 
nient give 

(8) 
?) - 7 F  

1, 1 - 7 F  

The total holdup for slug flow may be derived from ;in 
analysis of the flow dynamics. The film holdup will be dis- 
cussed in a later section. 

EVALUATION OF HOLDUP IN SLUG FLOW 

The holdup in slug flow may be related to the slug 
translational velocity, no-slip velocity, and the flowing vol- 
ume fraction of liquid. Indeed Griffith and Wallis ( 2 )  
show that the holdup for slug flow is 

7 = 1 - ( 1  - h ) / ( U T / U N S )  (9)  

where we have introduced h, the flowing volume fraction 
of liquid. 

Equation (9)  is a general equation for calculating 
holdup in slug flow. However, in order to apply this equa- 
tion successfully we must know the slug translational 
velocity. From continuity we know that the gas bubble 
is traveling at the same velocity as the slug. Since this is 
the case, b e  shall focus our attention on the gas bubble 
velocity. 

The gas bubble velocity is the sum of two compouents. 
The first component arises because of the buoyancy force 
acting on the gas bubble. We shall call this velocity com- 
ponent the bubble rise velocity, u B R .  It is equivalent to 
the velocity of ;a large bubble rising in a stagnant column 
of liquid. The second component arises because the liquid 
in the slug is not stationary, but instead is moving at the 
no-slip velocity. Since the gas bubble is traveling relative 
to the liquid in contact with the nose of the bubble, we 
must multiply the no-slip velocity by a factor which ac- 
counts for the velocity profile in the slug. Adding these 
two components together gives the following expression 
for the slug translational velocity: 

(10)  
UT ~ U B R  - = c ~ + -  

1 l N S  U N S  

In Equation (10) we have introduced the factor S 
which indicates the direction in which the buoyancy force 
is acting. For slug flow in a horizontal pipe, 6 = 0 because 
,the buoyancy force does not act in the direction of flow. 
For uphill slug flow, 6 = $1 because the buoyancy force 
is acting so as to force the gas bubble up the pipe. In 
downhill slug flow the same phenomenon occurs, but in 
this case the flow is down the pipe and therefore 6 = -1. 
Equation (10) shows that the slugs may be moving at  
very low velocities in downhill situations because the two 
terms in Equation (10) tend to cancel each other. I t  is 
interesting to note that this phenomenon has been ob- 
served in our experimental tests. 

Equation (10) is of the same form as the expressions 
clcveloped by Griffith and Wallis ( 2 )  and by Hubbard 
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Fig. 3. Bubble rise velocity in inclined tubes. 

and Dukler ( 3 )  for calculating the slug translational veloc- 
ity in vertical and horizontal slug flows, respectively. 
Therefore it is interesting to compare the value of C1 = 
1.20 obtained from our experimental holdup measure- 
ments of slug flow in a test section inclined between -10 
and +10 deg. from the horizontal with values of C1 re- 
ported in the literature. Table 1 summarizes the value of 
C1 for various pipeline orientations. This tabulation sug- 
gests that vertical, horizontal, and inclined slug flows are 
essentially of the same nature. 

The bubble rise velocity U B R  for large gas bubbles ris- 
ing in a vertical tube was derived by Taylor (7) .  Taylor 
demonstrated that the bubble rise velocity could be cal- 
culated from a potential flow model when ixaertia forces 
dominated the flow. He concluded that the bubble rise 
velocity in a stagnant vertical column of liquid is given by 

U B R  = 0.327( 1 - P C / p L )  fl (11) 
Experimental measurements have shown the constant to 
be 0.35, which is close to Taylor's value of 0.327. 

TABLE 1. VELOCITY PROFILE FACTOR FOR SLUG FLOW 

Pipeline 
orientation 

Vertical 

Horizontal 

Inclined from 
-10 to +10 
deg. from the 
horizontal 

c1 

1.15 - 1.6 
(Diam. = 2 in. 
- 18in.) 

c1 = f ( N R e )  
Avg C1 = 1.22 
c1 = 1.2 
C1 = 1.25 
C1 = 1.22 for N R ~  

> 105 

c1 = 1.20 

Source 

Griffith (1 ) 

Nicklin ( 5 )  
Hubbard, Dukler (3) 
Hughmark ( 4 )  

An interesting phenomenon arises when the pipeline is 
tilted from the vertical position (8). For small inclinations 
from the vertical the bubble rise velocity increases. The 
bubble rise velocity continues to increase as the pipe is 
tilted more and more to the horizontal position until a 
maximum bubble rise velocity is reached. Increasing the 
angle of the pipe further results in a decrease in the bub- 
ble rise velocity to about the vertical bubble rise velocity 
when the pipe is about 80 deg. from the vertical. Experi- 
mental data beyond 80 deg. is lacking, but our holdup 
data indicate that the bubble rise velocity is substantial 
even for 2-deg. inclines above the horizontal. Figure 3 is 
a schematic representation of these results in which u is 
the bubble rise velocity in an inclined pipeline and uv is 
the velocity at 90 deg. from the horizontal. 

In Figure 3 we have superimposed the results from a 
potential flow model that we have developed for calculat- 
ing the bubble rise velocity of a two-dimensional bubble 
rising between two flat plates, In Figure 4c we define the 
coordinates for this model. Note that the bubble is as- 
sumed to be at rest and liquid is flowing past the gas bub- 
ble. Bernoulli's equation applied to a streamline defining 
the bubble shape is 

- P - gh + T- q2 = EL 
PL 

where h = y + x sin0 = vertical distance from the 
nose of the bubble to a point on the bubble surface and 

= liquid velocity on the bubble. For the gas bubble 
we have 

P - - gh = E G  (13) 
PC 

Subtracting Equations (12) and (13) and recognizing 
that at the bubble nose we have a stagnation point ( q  = 
O ) ,  we find that 

'/Z = 2 ( 1 - pc/pI,) g k  = 2 ( 1 - pc/pL) 

g(y cos0 + x sinl)) (14) 
Equation (14) shows that the liquid velocity for a 

point on the gas bubble is proportional to its vertical dis- 
tance from the nose of the bubble. In Figure 4 we illus- 
trate how this distance ( h )  changes as the bubble is 
rotated from the vertical position. For small angles from 
the vertical (Figure 4b) we notice that the vertical dis- 
tance from the bubble nose to point P is actually greater 
than that for the vertical case (Figure 4a) .  Since h' > h" 
we have, from Equation (14), that the velocity of the 
liquid at point P would increase as the bubble is tilted 
from the vertical. However, when the gas bubble is nearly 
horizontal (Figure 4c) we notice that h < h", and hence 
the liquid velocity at point P is less than in the vertical 
case. Notice that this analysis provides an explanation of 
the observation that the bubbble rise velocity first in- 
creases and then decreases as the pipeline is tilted from 
the vertical position. 

' l l i s  work 

l a 1  (bl  I C I  

Fig. 4. Effect of rotation on a large gas bubble rising in a tube. 
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The above cxplanntion may be quaitilied by applyiiig 
to our problem the same procedure that Taylor (8) used 
iri arriving at Equation (11). In order to calculate thc 
liquid velocity q, it is necessary to know the velocity 
distribution around the bubble. This may be obtained by 
calculating the velocity potential for the fluid flowing be- 
tween the flat plates. From this \ve c;in determine the 
stream function for the flow. These equations are com- 
bined with the 13ernoulli equation (in a mrinner exactly 
mnalogous to Taylor) to give the following equation for 
the bubble rise velocity a s  a function of inclination: 

E(luatioti (15) is shown in Figure 3. Note that the ob- 
scr\.ed treiicls are predicted by the model. Of course, w e  
n~ould not espect quantitative agreement becmse the flow 
geometry ;uialyzed was not cylindrical. Iii addition, our 
anulysis predicts a nonzero bubble rise velocity when the 
tribe is i n  the horizontal positioii. This is clenrly impossible 
I ~ c c ~ u ~ s c  the buoyancy forces are absent when the flow is 
liorizontul. The result apparently arises because our model 

umes it coilstant bubble shape which is not the case. 
vertheless, it is interesting to note that our model does 

predict n rise in buhble velocity as the line is inclined from 
the vertical. Furthermore, the model suggests that the 
bubble rise velocity remains significunt even at smnll iii- 
clinkitions above the horizontnl. Indeed, the holdup mea- 
surements in our 80 ft. 1% in. I.D. test section inclined 
from - 10 to + 10 deg. \\’ere successfully correlated by ;IS- 

sumitig that t i B j t  = 0.35 (1 - pC;/pL) d g 7  wIiic1i cor- 
responds to a rather large bubble rise velocity for small 
iidiiiations from the horizontal but which is certainly coii- 
sisteut with our potential flow model. Incorporating this 
value of ufIK and C1 = 1.20 into Equation ( 10) and iii- 
troducing the result into Equation (9), we get the follow- 
ing equation for slug-flow holdup in ;in inclined pipeline: 

\\ here 6 = 0 for horizontal flow, = + 1 for uphill flow, 
= -1 for downhill flow. 

In order to compare Equation (16) against the experi- 
mental data gathered in our laboratory, we shall define the 
merage deviation and the standard deviation as 

N 1 
N i = l  

% deviation = lO0z = - 2 di x 100 (17) 

and 

standard deviation = .\/ f; (d;;:’ x l O O ( 1 8 )  
i = l  

where 
Tcalc - Tnieasured 

?measured 
di = 

Table 2 compares the average deviation against the meii- 
suretl holdup for slug flow in our test section inclined :it 
the indicated angles. Equation (16) is also in agreement 
with the data of Odishariya et al. (6) .  

EVALUATION OF FILM HOLDUP 

In order to calculate a [Equation ( S ) ]  we iieed, in ad- 
ditioll to the total holdup, a knowledge of TF, the liclUic1 
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TAllLE 2. COMPAIUSOS OF PREDICTED HOLDUP VEHSUS 
EXPEHIhfENTAL HOLDUP FOR SLUG FLOW IN A N  

INCLINED PIPELINE 

Slope, deg 

+ 10 
+6: 
+ 2  

0 
-2 
-6 
- 10 

No. of points 

48 
44 
36 
18 
4 
3 
1 

% deviation 

11.7 
11.0 
23.0 

-6.1 
-5.5 
-9.5 
-6.0 

%I standard 
deviation 

14.9 
11.1 
20.1 

4.8 
19.1 
9.6 - 

lioldup in the film trailing the slug. In  this section we 
present a technique for calculating q p  for uphill, down- 
hill, and horizontal flows. 

Since the average velocity across the gas bubble is i i K s  
;iud the velocity of tlie g a s  within the pis bulhle is t17., 

the slug translational velocity, we can write 

IlATs = (1 - 7)p) t(T + Ul,.T)f,’ 

\\liere i(1: = velocity of the liquid in the film. Tliis equa- 
tion c;ni be solved with a force balance on the liquid to 
obtain ail  expressioii for qF. However, for horizontal flow 
this force balance is difficult to express mathematically. 
Consequently, we shall assume that the \ elocity in thc 
film is zero, so that in horizontal flow 

Substitution of this value of V F  into Equation (8) and the 
holdup expression for horizontal slug flow gives 

a = A  (20) 

Equation (20) shows that the ratio of slug length (Is) to 
slug unit length ( I , )  is approximately equal to the flowing 
volume fraction of liquid. 

For uphill and downhill slug flows, we assume that 
within the gas bubble, a balance between the gravitational 
a i d  frictional forces is achieved for the liquid. The result- 
ing force balance is identical to that derived for downhill 
stratified flow assuming open-channel flow. If this equa- 
tion is solved simultaneously with the volume balance 
xross the gas bubble, we obtain the result 

(21a) 

where 

1 
‘7F = - [cos-’ (1 - y )  - (1 - y ) p  ( 2  - y)5”] 

EF = - cos-1 (1 - y) 

7T 

(21c) 

( 2 1 4  

fj = 2h/d  (21e) 

111 these equatioiis h is the depth of liquid in the pipe 
when the flow is stratified, 0 is tlie slope of the pipeline, 
and 6 is included to account for the fact that the liquid 
flow directions are different in uphill and downhill flows. 
Substitutioii of this value of 71.’ into the expressioll for a 
completes the derivation of the ecluations for cillculatillg 
pressure drop in inclined flow. 

1 
P 
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TABLE 3. COMPARISON OF PREDICTED PRESSURE DROP VERSUS 
MEASURED PRESSURE DROP FOR SLUG FLOW IN 

INCLINED PIPELINES 

75- I I 1 I 
0 2000 4000 6000 8000 10,000 

DISTANCE FROM INLET IN FEET 

Fig. 5. Comparison of two-phase flow pressure drop model with field 
data; 6-in. line. 

COMPARISON OF MEASURED AND PREDICTED 
PRESSURE DROP FOR SLUG FLOW 

The above development has shown how a simple mech- 
anistic model was used to develop a set of equations for 
calculating holdup and pressure drop in slug flow. As men- 
tioned previously, it is necessary to develop a slug flow 
friction factor to correctly compensate for the velocity pro- 
file in the slug core. From Equations (6) ,  ( 8 ) ,  ( 16), and 
(21) and our experimental data we were able to correlate 
the pressure drop measurements with the following fric- 
tion factor: 

fSF = 0.0048 + 3 9 8 0 . / N ~ e ’ . ~ ’ ~  (22) 
In Table 3 we compare our measured pressure drop 

against the calculated pressure drop using Equation (22). 
The percent deviation and the percent standard deviation 
are defined in Equations (17) and (18),  and where 

- Apmeaswed & =  
APmeasured 

As a final check of our model, we have compared our 
predicted pressure drop against actual field data from an 
oil-gas system. Pressure profiles were obtained over a 10,- 
000-ft. section of a &in. line. Figure 5 shows that the 
maximum deviation is about 5%. As stated above, strati- 
fied flow dominates in downhill lines and this was taken 
into consideration for the pressure drop calculations. 

CONCLUSIONS 

study, we can list our accomplishments as follows: 

for inclined slug flow. 

Based on the above summary of our two-phase flow 

Derivation and verification of an in situ holdup model 

Formulation of a two-phase slug-flow friction factor. 
Derivation of a two-phase slug-flow pressure drop for 

inclined pipelines verified by field measurements. 
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% standard 
Slope, deg No. of points % deviation deviation 

+ 10 48 - 1.9 9.0 
+6 44 5.5 13.7 
+2 36 12.2 12.3 

0 18 - 0.2 5.1 
-2 4 221.0* 94.3 
-6 3 22.7 25.0 - 10 1 21.8 - 

0 The pressure drops were so low that small absolute deviations resulted 
in rather high percentages. 

NOTATION 

Ap 
D = pipe diameter, ft. 

= cross-sectional area of pipe, ft. 

friction factor 
slug flow friction factor 
acceleration of gravity, ft./sec. 
conversion factor, 32.174 lb.,,-ft./lb.f-sec.Z 
height of liquid in pipe, ft. 
Froude number = u2Ns/gD 
Reynolds number = D u N S p L / p L  

pressure, lb./sq.in.abs. 
pressure drop, lb./sq.in. 
volumetric flow rate of liquid, cu.ft./sec. 
volumetric flow rate of gas, cu.ft./sec. 
no-slip velocity = ( Q G  + Q L ) / A p ,  ft./sec. 
translational velocity of liquid slug, ft./sec. 
bubble rise velocitv. ft./sec. ,- l l R R  = 

i iG* ,  ULO = superficial velocities, ft./sec. 
V L  

Vc  
y = dimensionless distance ( 2 h / D )  

= volume of liquid, cu.ft. 
= volume of gas, cu.ft. 

Greek Letters 
(Y 

E F  
9 = in situ holdup 
9F = film holdup 
0 

= ratio of liquid slug to slug unit (9 - qF)/(l - l lF)  
= geometric factor for film holdup 

= angle of inclination from horizontal (radians, un- 
less specified otherwise) 

A 

PL 
,DL = liquid density, lb./cu.ft. 

= liquid volume fraction -entering pipeline 

= liquid viscosity, lb./(ft.) (sec.) 
Q L / ( Q L  + Q G )  
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